In this paper, we present a topology optimization (TO) framework to enable automated design of mechanical components while ensuring the result can be manufactured using multi-axis machining. Although TO improves the part's performance, the as-designed model is often geometrically too complex to be machined and the as-manufactured model can significantly vary due to machining constraints that are not accounted for during TO. In other words, many of the optimized design features cannot be accessed by a machine tool without colliding with the part (or fixtures). The subsequent post-processing to make the part machinable with the given setup requires trial-and-error without guarantees on preserving the optimized performance. Our proposed approach is based on the well-established accessibility analysis formulation using convolutions in configuration space that is extensively used in spatial planning and robotics. We define an inaccessibility measure field (IMF) over the design domain to identify non-manufacturable features and quantify their contribution to non-manufacturability. The IMF is used to penalize the sensitivity field of performance objectives and constraints to prevent formation of inaccessible regions. Unlike existing discrete formulations, our IMF provides a continuous spatial field that is desirable for TO convergence. Our approach applies to arbitrary geometric complexity of the part, tools, and fixtures, and is highly parallelizable on multi-core architecture. We demonstrate the effectiveness of our framework on benchmark and realistic examples in 2D and 3D. We also show that it is possible to directly construct manufacturing plans for the optimized designs based on the accessibility information.
Introduction
Recent advances in computation and manufacturing technologies have enabled engineers to improve quality, increase productivity, and reduce cost by automating various stages of design and production. However, in many cases the discrepancies between as-design and as-manufactured models can result in excessive trial-and-error cycles or even render the design completely non-manufacturable. Incorporating manufacturing constraints early on during the design stage is essential for successful automation of computational design workflows.
Topology optimization (TO) [1, 2] is a computational tool for automated design that enables engineers across multiple disciplines ranging from biomedical [3] to automotive [4] and aerospace [5] explore the expansive design space of functional components. The interest in TO stems from recent advances in computational capabilities, new materials, and manufacturing technologies, where multifunctional components can be optimized with high fidelity to generate complex "organic" shapes that reduce cost while improving performance. Advances in additive manufacturing (AM) have enabled engineers to produce complex geometries designed by TO. However, many industrial parts require high precision and surface quality that, as of today, can only be achieved by subtractive manufacturing (SM) technologies such as multi-axis machining. Cur-rent advances in automated manufacturing technologies have also enabled hybrid manufacturing (HM) processes that combine the complementary capabilities of AM and SM to achieve customization, cost-effectiveness, geometric complexity, precision, and surface quality for industrial functionality [6] [7] [8] [9] .
The focus of this paper is on developing a TO framework based on sound mathematical concepts from spatial planning [10] to incorporate multi-axis machining constraints early on during the design stage. The present work will substantially reduce the time and resources spent on post-optimization trial-and-error by bridging the gap between design and a widely used set of manufacturing processes. We will demonstrate the effectiveness of our proposed framework by considering realistic examples for 3and 5-axis milling setups as shown in Fig. 1 . Our method relies on a quantification of inaccessibility by any combination of translational and rotational degrees of freedom (DOF) as a continuous spatial field (called IMF) in 3D, which can be rapidly computed in parallel for intermediate designs of arbitrary geometric and topological complexities generated by TO.
In the remainder of this section, we review recent advances in design for manufacturing (DfM)-with a focus on incorporating manufacturability considerations into TOand accessibility analysis (Section 1.1). We then present the contributions and outline of the paper (Section 1.3). Figure 1 : This article presents a generic approach to incorporate accessibility constraints for multi-axis machining into the design optimization process. The inputs are the shapes of initial design (e.g., the brackets shown above), stationary obstacles such as fixtures, moving objects including the entire tool assembly, and the available orientations. The output is an optimized design that is guaranteed to be accessible everywhere in the negative space of the part in at least one configuration and the set of all such configurations at the desired sampling resolution. The examples are demonstrative of arbitrary geometric complexity, and do not correspond to real industrial setups.
Related Work
The literature on TO with manufacturability constraints is broad, and our brief overview of the most relevant works in this section is by no means comprehensive. More detailed surveys can be found in [11] [12] [13] [14] .
With the growing interest in AM processes, design for additive manufacturing (DfAM) has emerged as an important paradigm to include AM constraints in early stages of design. These constraints pertain to minimum feature size [15] , efficient use of support structure [16] [17] [18] , anisotropic material properties [19, 20] , and post-processing [13, 21] .
For traditional manufacturing processes, DfM-based TO has mainly focused on minimum feature size, casting, linear and axial symmetry, and wire-cut for 2.5D structures. For casting and profile milling, the final design is constrained to have no undercuts or cavities along a prescribed draw/mill direction. A number of approaches have been used such as filtering of density fields [22] , filtering of sensitivity fields [23] , projecting parametric design variables onto element density spaces [24, 25] , and imposing limits on the maximum of a virtual temperature field [26] .
For machining with few DOF (e.g., 2.5D profiling), the range of solutions for TO can be restricted in terms of manufacturable "features" of shape. For instance, a featurebased shape optimization was proposed in [27] by incorporating a feature-fitting algorithm into levelset TO. The feature-based TO was extended to include a limited set of hybrid (combined AM/SM) manufacturing constraints for 2.5D profiling [28] and overhang-free 3D printing [29] . Unfortunately, feature-based modeling presents several ambiguities for process planning that prevent scalability with increasing geometric complexity. Increasing the DOF adds to the complexity of defining and identifying features for intermediate designs generated by TO.
Projection methods, on the other hand, are particularly suitable for designing modular layouts as in structures constructed by joining (e.g., welding) parameterized primitives such as bars or plates [30, 31] . A unified projectionbased scheme was developed in [25] to consider various constraints including minimum member size, minimum hole size, symmetry, pattern repetition, extrusion, turning, casting, forging, and rolling by applying different variable mapping rules. Recently, a TO framework for 5-axis machining was proposed in [32] , where the sensitivity field is filtered by accumulation of densities along tool insertion directions for a given set of simple prismatic tool shapes, insertion depths, and directions. It demonstrates that coupling morphological operations with projection methods is an effective approach to enforce machining constraints in TO. However, the assumption that the tool can approach the part only along straight line paths can over-constrain the TO with complex tool shapes and motion DOF.
A common limitation of feature-based or projectionbased approaches is that a wide range of nontrivial designs with freeform features that can only be fabricated by complex tool shapes and motions might be excluded from the design space parameterization. Moreover, they do not rigorously formulate collision avoidance between the stationary objects (i.e., workpiece and fixtures) and moving objects (i.e., entire tool assembly). To realize the full potential and flexibility of TO in generating non-parametric shapes, there is a need for a more generic mathematical formulation of accessibility that 1) applies to candidate designs of arbitrary shape, not necessarily modeled via feature taxonomies or projected from predefined geometric building blocks; 2) provides a continuous quantification of inaccessibility to guide gradient/sensitivity-based TO; and 3) can be computed rapidly within a TO loop.
Accessibility and collision avoidance have been extensively studied in spatial planning and robotics [10, 33] . The notion of a configuration space (C−space) of relative 6D motions, i.e., group of rigid-body translations and rotations, is introduced to abstract collision predicates between two arbitrary 3D rigid bodies in relative motion to a point membership query against a 6D pointset, referred to as the configuration space obstacle (C−obstacle). Computing C−obstacles for arbitrary shapes can be challenging, depending on the choice of representation. For 5-axis machining applications, one of the six DOF for rotation around the tool axis is deemed redundant and the problem is simplified by assuming simple shapes for the rotating tool's closure such as a flat/ball-end cylinders, approximating reachability by visibility, and so on [34] [35] [36] [37] [38] [39] [40] [41] . However, the computations can be dramatically simplified by sampling-based approximations [42] . It has been shown that collision measures can be obtained as convolutions of indicator functions of the two bodies [43] , and computed rapidly via fast Fourier transform (FFT) if these functions are sampled over uniform grids (i.e., voxelization) [44] . The convolution field provides an implicit representation of the C−obstacle as its 0−superlevel set. Moreover, the field value provides a measure of collision that quantifies inaccessibility and varies continuously with motion. In this paper, we show how this 6D field can be projected back to 3D to be used as a penalty function for TO.
In a recent article [45] , we presented a formal definition of inaccessibility measure that is well-suited for TO. The proposed measure is agnostic to geometric complexities of part, tool assembly, and surrounding fixtures, as well as the motion DOF. However, its effectiveness was demonstrated only for simple 2D examples in [45] using a Pareto tracing levelset TO [46] . In this paper, we generalize the inaccessibility measure and extend its implementation to 3D for density-based TO, and demonstrate it effectiveness by optimized non-parametric designs with manufacturability guarantees for high-axis CNC machining with arbitrary fixture and tool assembly shapes and cutting orientations. To the best of our knowledge, none of the published TO frameworks provide matching extensive flexibilities.
A Note on Constraint Classification
The accessibility constraint is typically classified as a 'set constraint' and is expressed in the language of set containment, interference, affine transformations, and Boolean operations rather than the more commonly used real-valued functions that appear in (in)equality constraints for TO (e.g., bounds on stress or deformation) and other conventional constrained optimization problem formulations. To properly formulate the optimization problem by simultaneously considering set constraints for manufacturing and (in)equality constraints for performance, we rely on the classification scheme presented in [45] . We classify the constraints as global, local, and strictly local (i.e., pointwise) constraints.
Global constraints are evaluated in terms of a realvalued property over the entire design, such as compliance or p-norm of stress. Local constraints are evaluated at each point of the design but are also dependent on membership of other points in the design. Although they can also be interpreted as global constraints, there are advantages to local formulation (i.e., as a field in 3D) for TO. Accessibility constraint falls under this category, as collisions occurring anywhere in the design, possibly far from a given query point, affects deciding and quantifying the (in)accessibility of that point. Finally, strictly local (or pointwise) constraints can be evaluated at every point of the design without any knowledge of the membership of other points in the design. Accessibility constraint becomes pointwise only when the motion is independent of the global shape, e.g., if the collisions can only occur between the tool and fixtures, regardless of the workpiece's evolving shape. See [45] (Section 4.4) for an example with 2.5D wire-/laser-cutting of a sheet material. Pointwise constraints directly lead to the definition of a point membership classification (PMC) for a maximal pointset that represents the entire feasible design subspace of the constraint, hence is used to 'prune' the design space prior to optimization. In this paper, we are interested in the more complex case of high-axis motions in which this assumption is invalid and the part's own shape plays an important role in quantifying (in)accessibility.
Global constraints are widely used in TO and are typically expressed as a differentiable functional, for which a continuous sensitivity field can be computed at every point in the 3D design domain. We showed in [45] that local constraints can be directly incorporated into the sensitivity field as a penalty. However, if the penalty function is not continuous, the resulting discontinuities in the "augmented" sensitivity field can adversely affect the convergence of TO to useful designs. Although the set constraint for accessibility can be easily converted to an (in)equality constraint in terms of discontinuous indicator functions (e.g., 1 for inaccessible points and 0 for accessible points) or a continuous field in 6D (e.g., the convolution), it is not trivial to define it as a continuous field in the 3D space for motions with arbitrary rotational DOF in multi-axis machining. For small tools and purely translational motions, an approximation to IMF can be obtained by establishing a simple one-to-one correspondence between the translation C−space and 3D design domain by selecting a representative point on the cutter. Every point in the design domain is assigned the value of convolution corresponding to the collision measure for the translation that takes the representative point to the query point. In [45] , we demonstrated that the resulting field makes for an effective penalty for filtering the sensitivity field for producing manufacturable designs in simple 2D examples with small 2D tools at a few orientations. In this paper, we present a generic definition of IMF that is usable for arbitrary shapes in 2D and 3D and motions including rotations.
Contributions & Outline
This paper presents a TO methodology to design highperformance lightweight structures while also guaranteeing accessibility of every point on the design's negative space for a given collection of cutting tool assemblies and fixtures (arbitrary shapes in 3D) and available motions including translations and rotations. The rotations can represent either a limited set of fixturing orientations for 3-axis milling, or a discrete sample of orientations that a 5-axis CNC system can reach.
Our approach does not impose any artificial limitations on geometric complexity of part, tools, and fixtures. It enables efficient and effective design space exploration to discover nontrivial geometries and topologies that are optimized for the specific machining capabilities of a machine shop. The constrained optimization is with regards to not only performance criteria (e.g., stiffness or strength) but also manufacturability, as opposed to the conventional approach that disregards the latter and postpones manufacturability concerns to downstream post-processing.
More specifically, the contributions of this paper are:
1. introducing a rigorous mathematical formulation of a continuous 'inaccessibility measure field' (IMF) in 3D design domain to modify the sensitivity field for TO;
2. formulating a TO framework that incorporates accessibility constraints for multi-axis machining based on realistic cutting tool assemblies and fixtures and arbitrary motions including translations and rotations;
3. developing efficient and flexible implementation of the IMF that enables balancing numerical accuracy against available time budget for calling within the TO alongside the finite element analysis (FEA); 4. implementing IMF on multi-core CPU/GPU for massive parallelization;
5. applying the accessibility constraints for multi-axis machining to density-based TO; and 6. demonstrating the effectiveness of our method by solving multiple benchmark and realistic examples in 2D and 3D on 2-, 3-, and 5-axis CNC machines.
Proposed Method
In this section, we will first discuss our analytic approach to accessibility analysis and introduce a continuous field to measure inaccessibility of a part with respect to a collection of tools and fixtures at a discrete set of fixturing orientations (Section 2.1). Next, we extend the TO formulation for incorporating multi-axis machining constraint into the density-based TO framework (Section 2.2).
Quantifying Multi-Axis Inaccessibility
TO typically starts with an initial design Ω := Ω 0 ⊂ R 3 (called the design domain) and incrementally updates the design Ω ⊆ Ω 0 such that it remains within the design domain while minimizing the specified objective function and satisfying the specified constraints. These constraints may include performance criteria (e.g., stiffness or strength), evaluated by a physics solver such as FEA, as well as kinematic constraints (e.g., machine tool accessibility), which require spatial analysis. While the former is represented by (in)equality constraints in terms of real-valued functions, the latter is most naturally expressed using a settheoretic language in terms of containment, interference, affine transformations, and Boolean operations. Here, we will present an analytic approach to convert the latter to (in)equality form to be used alongside the former.
On a multi-axis CNC machine, one deals with 6D rigid motions (R, t) ∈ SE (3), which are conceptualized as points in the configuration space (C−space) SE(3), i.e., a pair formed by an special orthogonal (SO) automorphism of R 3 (i.e., a 3D rotation) R ∈ SO(3) and a vector (i.e., a 3D translation) t ∈ R 3 . For 2-or 3-axis milling, the rotation component is fixed at a finite set of fixturing orientations, while the tool is swept along a continuum set of 2D or 3D translations. For 5-axis milling, there are two additional DOF for rotations, since the rotation around the tool axis is redundant. 1 The discrete fixturing orientations or continuum rotation DOF can be parameterized in a number of different ways, e.g., 3 × 3 orthogonal matrices, axisangle pairs, unit quaternions, and Euler angles, or can be combined with the translational element to form unified representations such as 4 × 4 homogeneous matrices, dual quaternions, screws, etc. Each have their own pros and cons, which are well-understood. Our formulation is not restricted to a specific parameterization of SO(3).
In practice, the workspace of the CNC machine is a bounded subset of SE(3) which is digitized into a discrete set (i.e., finite sample) in accordance with the machine's precision and required algorithmic accuracy.
For spatial planning, the obstacles O := (Ω ∪ F ) consist of the part/workpiece Ω ⊂ R 3 (i.e., evolving portion via TO) and the fixtures F ⊂ R 3 (i.e., fixed portion), both of which are 3D pointsets represented in the same global coordinate frame. The tool assembly T = (H ∪K) consists of the tool holder H ⊂ R 3 (i.e., inactive portion) and the cutter K ⊂ R 3 (i.e., active portion) represented in the same local coordinate frame, which is transformed by the relative rigid transformation (R, t) ∈ SE(3) with respect to the global coordinate frame of stationary obstacles. 2 Assuming that the raw stock is the same as the design domain Ω 0 , the accessibility constraint can be formulated as follows: for every point on the part's exterior within the raw stock (i.e., the negative space) (Ω 0 − Ω), there must exist a transformation (R, t) ∈ SE(3) that brings at least one point on the cutter (hereon called a sharp point) k ∈ K in contact with the query point, without incurring a volumetric collision between the objects in relative motion:
where the asterisk in ∩ * stands for regularization after intersection [47] , i.e., touching only at the boundaries does not count as a collision, thus would not violate the above condition. (R, t)T = RT + t stands for the transformed tool assembly (rotation before translation).
Morphological Definition of Accessibility
The accessibility is commonly formulated in terms of the configuration space obstacle (C−obstacle) of relative transformations. The C−obstacle is defined as the set of all transformations that result in a collision, violating (1):
The accessible region A ⊆ Ω 0 , defined by the set of all points in the design domain that satisfy (1), can be computed by sweeping (i.e., morphological dilation) of the cutter along the maximal collision-free motion. The latter is obtained as the complement of C−obstacle in the C−space
Both sweeps and C−obstacles can be expressed in terms of Minkowski products in C−space, and, in turn, as unions of the more familiar Minkowski sums in R 3 if the rotations are factored out as follows [43] :
in which ⊕, , (·) c are the Minkwoski sum, Minkowski difference, and set complement, respectively. For a given orientation R ∈ SO(3), the first sum D := O ⊕ (−RT ) is a translational "slice" of the C−obstacle, whose complement D c is the collection of all collision-free translations (i.e., a slice of O c for a fixed rotation). The second sum D c ⊕ (RK) represents the accessible region for the same orientation, obtained by sweeping the rotated cutter RK along the maximal collision-free translation D c . The inaccessible region B ⊆ Ω 0 is the set of points in the raw stock that do not belong in A:
To convert the global set-theoretic definition of accessibility to a local (in)equality constraint, we use the correspondence between Minkowski and convolution algebras for explicit and implicit morphology, respectively [43] . The indicator function of any pointset X ⊆ R 3 is a binaryvalued field denoted by 1 X : R 3 → {0, 1} defined as:
Under fairly general regularity conditions, 3 we have:
where * stands for the convolution operator defined for integrable fields over R 3 , and 1 D c (t) = ¬1 D (t) where ¬ stands for logical negation. We introduce the notatioñ
for reflection with respect to the origin, which is needed to match how convolutions are defined to attain their useful properties. The sign function is defined as sign(x) = x/|x| if x = 0 and zero otherwise, and is required for algebraic closure-to convert the realvalued convolution to a binary-valued indicator function before passing it to the next convolution. See Appendix A for an explanation of the above identities. Fig. 2 illustrates both explicit and implicit operations in 2D.
While the indicator functions are useful for accessibility analysis as a post-TO test, we need a spatial field to penalize inaccessibility of different points within the candidate design Ω ⊆ Ω 0 to prevent the TO from violating accessibility at every iteration.
Inaccessibility Measure as Convolution
The no-collision condition in (1) can also be expressed in terms of the measure of intersection:
where vol[·] stands for volume (i.e., Lebesgue 3−measure) of a 3D pointset. This measure can be computed as an inner product of indicator functions, i.e., integration of their product over R 3 . For objects in relative motion, the translational component results in a shift of function argument, turning the inner product into a convolution:
which also appeared on the right-hand side of (8) . At a first glance, the convolution field appears like an ideal candidate for penalization in TO: a continuous field over R 3 that measures inaccessibility. At a closer look, however, the domain of this function is the translational C−space, which is a different "type" than the design domain. The former is a space of 3D displacement vectors (i.e., position differences) while the latter is of 3D points (i.e., positions). The convolution function measures the inaccessibility for a hypothetical displacement of t ∈ R 3 that has nothing to do with any point x ∈ Ω 0 . The function shifts with different choices of origin for the local coordinate system in which the tool assembly is described.
To properly "register" the shifted field with the design domain, we must select the origin at the sharp points so that the convolution (1 O * 1 RT )(t) evaluated at the translation t ∈ R 3 returns the collision measure for shifting the sharp point from the origin 0 to x = (R, t)0 = R0 + t = t. Since we have more than one option for the sharp point, each one provides an independent candidate for the origin to register the two spaces by shifting the convolution.
Inaccessibility for A Single Tool Assembly
We define the inaccessibility measure field (IMF) over the 3D design domain f IMF : R 3 → R for each given tool assembly T = (H ∪K) as the pointwise minimum of shifted convolutions for different choices of sharp points and available orientations Θ ⊆ SO(3) (which depends on T ):
There are two independent transformations in effect:
• The shift T → (T −k) in (12) is to try different ways to register the translation space with the design domain, by changing the local coordinate system to bring different sharp points to the origin. The same effect can be obtained by querying the convolution in (11) at t := (x − Rk) so that the rigid transformation (R, t) brings the sharp point in contact with the query point: (R, t)k = Rk + t = Rk + (x − Rk) = x, as expected. The IMF is thus computed as follows:
Each transformed convolution measures the collision for an attempt to remove the query point x ∈ Ω 0 in the candidate orientation R ∈ Θ with the sharp point k ∈ K.
The inaccessibility of the query point is determined by the orientation and sharp point that result in the best case scenario, i.e., the least collision volume. Figure 3 illustrates the idea behind (13) for simple 2D shapes with a few candidate orientations and sharp points. Note that the collision measure accounts for both: 1) penetrations of the cutter into the local neighborhood of the part (often referred to as "gouging" [38] ) or fixtures, which leads to over-cutting; and 2) global interferences that may occur elsewhere along the tool holder. 
The new origin is brought in contact with the query point, hence
. This is repeated for all candidate sharp points (f) and the IMF is computed as the minimum over all rotations and sharp points. which are the same as the pointsets defined in (4) and (6) if Θ := SO(3), under quite general conditions. A query point is accessible iff its IMF is zero, i.e., there exists one or more tool orientations and sharp points with which the query point can be touched without incurring a collision. Note that every point inside the design itself is inaccessible, i.e., Ω ⊆ B thus (Ω ∩ A) = ∅. Hence, the inaccessible region can be further decomposed into two disjoint subsets, the part Ω and Γ := (B − Ω), to which we refer as the 'secluded region'. The latter is the set of all points in the negative space (Ω 0 − Ω) of the part/workpiece that are inaccessible, i.e., points in the raw stock that cannot be machined at any orientation with the given tool using the specified options for sharp points. Figure 4 illustrates this three-way decomposition for a 2D example.
For parts designed for machining, TO must resist generating secluded regions, including nucleation of internal voids inside the part, which are often seen in TO parts meant for AM.
Inaccessibility for Multiple Tool Assemblies
Given n T ≥ 1 available tool assemblies T i = (H i ∪ K i ) for 1 ≤ i ≤ n T , we compute their combined IMF by applying another minimum operation over different tools to identify the tool(s) with the smallest volumetric interference at available orientations and sharp points:
in which f IMF (x; O, T i , K i ) are computed from (13) . Once again, we can decompose the design domain into accessible and inaccessible regions, respectively, with respect to all available tool assemblies:
in which A(O, T i , K i ) and B(O, T i , K i ) were obtained earlier. The secluded region with respect to all tools is the subset of inaccessible regions that lies outside the design:
2.1.5. Algorithm to Support Density-Based TO In density-based TO, one deals with a continuous density function ρ Ω : Ω → [0, 1] to represent intermediate designs, rather than indicator functions. While we can use a threshold 0 < τ < 1 (e.g., τ := 0.5) to define the indicator functions as 1 Ω (x) := 1 iff ρ Ω (x) > τ for use in (13) , our experience shows that direct use of the density function works better to provide additional smoothing: Fig. 3 (c) , the minimum of convolution over all sharp points is computed. The overall IMF is obtained as another minimum over all orientations, whose zero/nonzero values determine accessible/inaccessible regions.
The function ρ
The IMF is in units of volume. To use it alongside other constraints in TO (e.g., stiffness and strength) we first normalize it by the global maximum to obtainf IMF (x; ρ O ).
Moreover, to deal with inaccuracies due to discretization and intermediate densities in TO, we allow for some relaxation, aiming for a small allowance of 0 < λ 1 (e.g., λ := 0.01) for nonzero inaccessibility. In other words, we only penalize the points that have (normalized) inaccessibility value of greater than the threshold λ.
For the sake of generality, we assume that a given tool assembly T i comes with a given set of rotations Θ i ⊂ SO(3) available for orienting that tool. For 3-axis milling, the set of available rotations is finite, corresponding to different fixturing configurations. For 5-axis milling, we can assume a continuum set of rotations, which can be sampled for computational purposes.
In practice, the shape of fixtures F hence O = (Ω ∪ F ) can change every time the part is rotated and re-clamped for 3-axis milling at a different orientation. For clarity, we do not consider multiple fixtures in this paper, although accounting for their changing shapes comes at no extra cost as long as the fixturing setup is given a priori.
Algorithm 1 describes the subroutine that computes the IMF for a given candidate design and a specified set of tool assemblies, orientations, and fixtures for use within TO iterations. For every tool assembly represented by a 3D array [1 Ti ] of binary values (i.e., voxels) and a given orientation R ∈ Θ i represented by a unit quaternion, the 3D array [1 RTi ] is obtained by rotation and re-sampling on the uniform grid, followed by a reflection with respect to the origin. 4 The discretized convolution is represented as a 3D array [ρ O * 1 RTi ] and is computed by two forward FFTs on [ρ O ] and [1 RTi ], a pointwise multiplication in the frequency domain, and an inverse FFT back to the physical domain (of translations). This is repeated for all tools and orientations to obtain the minimums in (18) . See Appendix B for an analysis of time and space complexity.
Over all tools end for
Our formulation in terms of sharp points allows immense flexibility for balancing accuracy against computation time. As the cutter's boundary is sampled more densely, the IMF can only decrease in value due to the minimum operation in (13) , and the set of secluded points Γ(O) grows in size. This comes at a small cost of more queries on the convolution. Importantly, coarser sampling of the cutter can only over-estimate the exact IMF, leading to a conservative approximation of inaccessibility. As more sharp points are sampled on the cutter, more candidate designs are deemed machinable by carving out their negative spaces via the same sample points. Omitting other sharp points can over-constrain the TO by "false positives" in collision detection, i.e., obtaining f IMF (x; Ω) > 0 while the true value is zero; however, the approximation never violates the exact form of accessibility constraint.
It is worthwhile noting that our model of inaccessibility does not distinguish between different modes of collision such as local over-cutting (i.e., gouging) and global interferences with part/fixturess. Our initial TO experiments showed that defining different collision measures and using unequal weights when penalizing them in TO show no notable improvement in the TO results. In fact, imbalanced weighting can result in tolerating one type of collision in favor of another, resulting in undesirable design artifacts.
Machining-Constrained Topology Optimization
Based on the accessibility analysis discussed in Section 2.1, we formulate the TO problem as: In practice, we impose a small nonzero upper-bound ∼ 1% of part's volume) to provide relaxation against discretization errors. This initial formulation of accessibility as a 'global' constraint makes it difficult to incorporate into TO, as computing a local gradient/sensitivity for the inaccessible volume with respect to design variables is theoretically challenging, due to inherent discontinuities in collision detection, and computationally prohibitive. However, we showed in [45] that by formulating the inaccessibility as a 'local' constraintf IMF (x) ≤ λ for all x ∈ (Ω 0 − Ω), the continuous IMF can be directly augmented into the sensitivity field to filter out the inaccessible regions of the design domain.
Putting aside the accessibility constraint in (20d) for the moment, the more familiar constrained optimization problem of (20a) through (20c) can be expressed as minimization of the following Lagrangian:
Using the prime symbol (·) to represent the generic (i.e., representation-agnostic) differentiation of a function with respect to Ω, we obtain (via chain rule):
Since computing [u Ω ] requires solving (20d) as many times as the number of design variables and is computationally prohibitive, [λ 2 ] is chosen as the solution to the adjoint problem [1] which reduces (23) to:
When the objective function is the design's compliance under the applied load; namely, ϕ(Ω) :
This dramatically simplified the problem as the compliance is self-adjoint, i.e., there is no need for solving an additional adjoint problem unlike the case with other objective functions (e.g., stress).
To incorporate the accessibility constraint for multi-axis machining, we modify the sensitivity field S Ω as follows:
where 0 ≤ w acc < 1 is the filtering weight for accessibility, and can be either a constant or adaptively updated based on the secluded volume V Γ(O) .S ϕ is the normalized sensitivity field with respect to the objective function, i.e., only the second term [λ 2 ] T [K Ω ][u Ω ] on the right hand side of (24) , noting that the volume constraint is satisfied with the optimality criteria iteration [49] .S IMF is the normalized accessibility filter defined in terms of the normalized IMF as:S The expressions in (20) through (26) are general and representation-agnostic, and can be used in both densitybased and levelset TO. To generate the results of this paper, we use the method of solid isotropic material with penalization (SIMP). The implicit design representation ρ Ω : Ω 0 → [0, 1] used in the definition of IMF is obtained as the projection of another field ξ Ω : Ω 0 → [0, 1] (smoother density field for design exploration) whose discretization [ξ Ω ] is used as SIMP design variables. We use the following Heaviside projection [50] :
We use β := 2 for 2D and β := 8 for 3D examples of Section 3. Algorithm 2 describes the accessibility-constrained TO using SIMP. The sensitivity field is augmented using the IMF output of Algorithm 1.
Algorithm 2 TO with multi-axis machining constraint.
Obj. func.
Call Algorithm 1 with obvious arguments
Results
In this section, we will present benchmark and realistic examples in 2D and 3D. All results are generated using a SIMP implementation, where the optimality criteria method was used to update the density field.
All examples are run on a desktop machine with Intel R Core TM i7-7820X CPU with 8 processors running at 4.5
GHz, 32 GB of host memory, and an NVIDIA R GeForce R GTX 1080 GPU with 2,560 CUDA cores and 8 GB of device memory.
Benchmark Example: Cantilever Beam
First, we consider a simple cantilever beam example in 2D and 3D. The loading conditions are shown in Fig. 5 . We use material properties of Stainless Steel with Young's modulus of E = 270 GPa and Poisson ratio of ν = 0.3. In each example, we solve both accessibility-constrained and unconstrained TO and report the nonzero secluded volume for the latter V Γunc > 0 whose prevention comes at the cost of an increase in compliance results (ϕ con > ϕ unc ).
In 2D, we set the volume fraction to 0.5 and optimize the design for minimal compliance with and without accessibility constraints for machining at resolution 256×128. The accessibility constraint is defined using two cutting tool assemblies of nontrivial shapes, one with a thinner and another with a thicker cutting edge. Fig. 6 illustrates the accessibility-unconstrained optimized cantilever beam at At first, let us consider only a few orientations per tool, one-at-a-time, for which the tool configuration and the optimized designs are depicted in Fig. 7 (b, c) .
Observe that imposing accessibility constraints prevents nucleation of interior holes in the optimized design. Further, the shape of cutter can alter the accessible region at each iteration and IMF, subsequently changing the final design. Table 1 summarizes the results for compliance and secluded volume in 2D for the tool in Fig. 7 (a) for accessibility-unconstrained and constrained cases. Fig. 8 shows convergence of compliance for the 2D benchmark example with the thin cutter. Fig. 9 illustrates the optimized cantilever beam in 3D at volume fraction of 0.3 with milling tools approaching from different directions in 3D. Table 2 summarizes the results for compliance and inaccessible volume for 3D cases. Table 3 summarizes the benchmarking of computational efficiency for FEA and IMF computations. FEA is solved using conjugate gradients and sparse matrix-vector multiplications, while IMF is computed using convolutions via FFTs and vectorized minimization over 4D arrays. Both computations are performed on the GPU. According to clock times presented in Table 3 , FEA is the computational bottleneck as FFTs are extensively optimized for GPU computing (using ArrayFire and cuFFT). However, since standard FFTs work with dense matrices as opposed to FEA that can exploit sparsity, IMF computation is the memory bottleneck on the GPU. Note that the design res- olution used in TO also dictates the tool and fixture resolutions to use the FFT-based convolution. 
GE Bracket: 3-Axis Milling with Eye-Bolt Fixtures
Next, let us consider the example of GE bracket shown in Fig. 10 . The material is Titanium with elastic proper- ties of E = 113.8 GPa and ν = 0.34. The initial design domain is discretized into 100,000 hexahedral elements. Fig. 11 illustrates the optimized design at volume fraction of 0.3 with the milling tool approaching from different directions. Notice that with only one or two available tool orientations, large regions of the negative space would not be accessible for machining, hence the TO is not allowed to remove them during the iterations. As more orientations are included, the optimization has a larger feasible design space to explore. In every iteration, the IMF evaluates the minimum inaccessibility over a larger range of approach orientations. In this case, with all 6 coordinate axis-aligned directions at hand, the result of accessibilityconstrained TO begins to resemble what one expects from unconstrained TO. Table 4 summarizes the results for the GE bracket example with a multi-axis milling tool.
As was discussed in Section 2, it is also possible to consider more geometrically complex tools while including fix-turing devices in accessibility analysis. For instance, consider the 3-axis CNC milling setup of Fig. 12 where the tool assembly consists of the cutter, tool holder, and the clamping device. Fixturing includes 4 eye bolts that attach the bracket to the base plate via 4 holes that are also supposed to be retained throughout TO. Fig. 13 (a) shows the optimized design at a volume fraction of 0.5 alongside the non-machinable regions (in red). Fig. 13 (b) shows the optimized design at the same volume fraction with w acc = 0.5 and λ = 0.025. In the presence of accessibility constraints, To takes a significantly different path in the design space to find the stiffest possible design (in a locally optimal sense) that can be manufactured with the given tool without colliding with the part or fixtures.
Quadcopter: 5-Axis Milling with 3-Point Grabber
In this section, let us consider the design of a quadcopter under hovering loading condition as shown in Fig.  14. The pocket at the center must be retained to mount battery and electronic boards. The material is Aluminum with E = 70 GPa and ν = 0.33. Part resolution is about 300,000 voxels and target volume fraction is 0.20.
We aim to manufacture the optimized design with the 5-axis milling robot arm as illustrated in Fig. 16 where the raw stock is held by a 3-point grabber fixture. Figure  15 (a) shows the optimized design with no accessibility constraint imposed. The secluded volume ratio in this case is V Γunc /V Ω0 = 0.071. Fig. 15 (b) shows the optimized design with accessibility constraint using w acc = 0.5 and λ = 0.025, in which the secluded volume is zeroed out. Fig. 17 shows volume of inaccessible regions at different volume fractions of optimized designs without considering the accessibility constraint. Fig. 18 shows the Pareto fronts of relative compliance and volume fraction for both unconstrained and constrained designs. At volume fraction of 0.20, the accessibility constraint results in an increase by a factor of 2.45 in the optimized compliance, i.e., ϕ con ϕ unc = 2.45 to prevent inaccessible regions.
Support Bracket: 5-Axis Milling with Vise Fixture
Finally, let us consider the support bracket of Fig. 19 . The material properties are those of Stainless Steel with E = 270 GPa and ν = 0.3. The underlying discretization is about 200,000 hexahedral finite elements. The target volume fraction is 0.3. The optimized design is supposed to be fabricated with the 5-axis milling robot arm and vise fixture as illustrated in Fig. 20 . The highlighted components are modeled for computing IMF and rotation space is sampled at 10 orientations for the cutting tool. The discretized assembly of part and fixture used in convolution has a resolution of 196×149×97 ≈ 1.8 × 10 6 . Fig. 21 illustrates the optimized designs for unconstrained and constrained cases. The secluded volume V Γunc , i.e., volume of inaccessible regions outside the op- timized design for the accessibility-unconstrained TO is about 0.18 V Ω0 , which is significant. To impose the acces- sibility constraint, we begin with w acc = 0.1 and gradually increase it to 0.5. In this example, the compliance of constrained and unconstrained designs are less than %1 different. In other words, our approach produces a machinable design with a negligible compromise in compliance.
Post-Processing: Machining Process Planning
It is important to note that the proposed TO framework guarantees the existence of a machining process plan with a given set of tool assemblies, orientations, and fixtures. Once TO comes up with a design, we employ a machining process planner to find a sequence of steps with which the negative space can be entirely removed in as few steps as possible. The simplest algorithm is based on a greedy criterion in terms of the maximal removable vol- umes. Starting from the initial design domain, at each step we select the oriented tool that can machine the largest volume compared to the others, and use it to remove the subset of the negative space that is accessible to this tool at the specified orientation. We repeat this process until the entire negative space is removed. Figure 22 illustrates the 6-step machining process plan to produce the accessibility-constrained optimized design at 0.3 volume fraction, starting from the initial design domain.
More sophisticated combinatorial optimization algorithm and practical cost functions can be used to decide the optimal sequence of actions to be carried out by the given tools at the available orientations [51, 52] . In any case, having the upfront guarantee for manufacturability (i.e., existence of a process plan) and the proper set of tools and orientations is a significant assurance before proceeding to the costly task of process planning.
Conclusion
We presented a general approach to incorporating accessibility constraints for multi-axis machining into existing topology optimization (TO) methods for parts, tools, and fixtures of arbitrary shapes. We introduced the inaccessibility measure field (IMF) as a continuous field over the design domain to quantify the inaccessibility of different points in the part's negative space with respect to the geometry of intermediate design, tool assembly, fixtures, and available orientations. The IMF is expressed via well-established mathematical formalisms developed in spatial planning in terms of convolutions in configuration space. We project the convolutions back to the shape space by minimization over different candidate sharp points (on the cutter boundary) and sampled orientations, which guarantees a conservative approximation (i.e., overestimation) and computational flexibility to balance the accuracy against time/memory budget. The methodology is fairly general and does not rely on artificial assumptions on geometric complexity of part, tool, or fixtures.
We extended the standard TO formulation to incorporate multi-axis machining constraints in order to reduce the discrepancy between as-designed and as-manufactured models. Specifically, we implemented the proposed algorithm as a density-based approach in both 2D and 3D. The effectiveness of the method was demonstrated through benchmark and realistic examples in 2D and 3D. Our formulation of accessibility constraint based on IMF guarantees that every point in the design's negative space can be visited by at least one point on the cutter in at least one orientation without incurring a collision between the tool assembly, part, and fixtures. However, it is conceivable to encounter situations where a collision-free configuration is not accessible in a continuous motion from the rest configuration, i.e., the collision-free C−space is not path-connected. While this is limited to rare conditions (e.g., a small tool inside a large part cavity), the IMF can be corrected by artificially extending tool geometry via infinite half-spaces outside the bounding box (along the approach orientation) and correcting the convolution accordingly, or by invoking a motion planner such as Open Motion Planning Library (OMPL) [53] . The latter might be overkill for intermediate iterations within TO, but can be called for post-process validation.
Another limitation of our formulation is that accessibility and collision-avoidance do not fully capture machining constraints. In practice, different cutters are used for various machining operation such as milling slots, pockets, edges, large flat surfaces, and freeform shapes. Tolerance specs and surface quality are critical when machining functional interfaces. It is also important to consider physical constraints pertaining to the mechanics of the cutting process. While there are studies on these issues in the context of post-process manufacturability analysis and process planning, incorporating them in the TO design cycles is costly and requires further research.
Future work includes investigating the extension of the method to design for hybrid (i.e., interleaved AM/SM) sequences by developing IMF-like measures for printability and accessibility, over-deposition (or support structure) versus under-cut tradeoffs, and so forth.
for shape voxelization and translational motion digitization with a grid size of n G 1, each convolution takes two forward FFTs, a pointwise multiplication in frequency domain, and one invewrse FFT with time complexity of 2O(n G log n G ) + O(n G ) + O(n G log n G ) = O(n G log n G ).
For n R ≥ 1 sampled rotations, it takes O(n R n G log n G ) time to compute all convolution fields, stacked together to form a single group convolution field in the C−space.
For n K ≥ 1 sharp points, the convolution field for each rotation is queried at different translations t = (x − Rk), i.e., within a C−space neighborhood N(x; R) := (x − RK) that resembles a reflected and rotated image of the cutter. It takes and additional O(n K ) steps to perform these queries for every oriented tool and compute the minimum, without the need for re-computing the convolution for different shifts. Hence the total time complexity for computing IMF for a single tool assembly is O(n R n G log n G ) + O(n R n K ) = O(n R (n G log n G + n K )).
Finally, given n T ≥ 1 available tool assemblies, computing the IMF takes O(n T n R (n G log n G + n K )) steps. Theoretically, as long as n K = O(n G log n G ), the sequential time complexity is O(n T n R n G log n G ). We achieve near-linear speed-up by distributing the work on multicore CPUs/GPUs, but the precise complexity analysis depends on the GPU architecture [54] . If we use the same resolution to resolve the cutter as the grid size for convolution, then n K n G since the cutter is typically much smaller in size than the design domain. Even if we downsample the sharp points to one or a few representative points on the boundary (i.e., n K = O(1)) the approximate IMF captures most of the qualitative features of the exact IMF, as we showed for simple 2D examples in [45] .
Our results show that the main bottleneck in TO iterations is the FEA. The IMF computation using FFT-based convolution on the GPU outperforms FEA by an order of magnitude for n G ≈ 10 5 voxels and the discrepancy grows with the problem size (see Table 3 of Section 3). The main challenge with computing IMF is memory, as we need to store convolution fields for all tool assemblies and their re-sampled grid interpolation at different orientations. The space complexity is O(n T n R n G ) if all of them are retained for rapid querying, which can be prohibitive for high-resolution parts in large-scale TO. Given a fixed memory budget of O(n M ), we serialize the parallel computations at a small time cost as follows. We store a batch of O(n M /n G ) convolution fields at-a-time, each computed on the GPU as a 3D array of size O(n G ). We arrange their shifted copies for different sharp points into a 4D array of size O(n M ). We compute and store the partial minimum field by pointwise comparison on the GPU, discard the 4D array, and move on to comparing the next batch with the partial minimum until we cover all of them.
